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Abstract  This paper presents an inductor-free memristive circuit, which is implemented by linearly coupling an active band pass filter (BPF) with a parallel memristor and capacitor filter. Mathematical model is established and numerical simulations are performed. The results verified by hardware experiments show that the active BPF based memristive circuit exhibits the dynamical behaviors of point, period, chaos, and period doubling bifurcation route. Most important of all, the newly proposed memristive circuit has a line equilibrium and its stability closely relies on memristor initial condition, which results in the emergence of extreme multistability. Stability distribution related to memristor initial condition is numerically estimated and the coexistence of infinitely many attractors is intuitively captured by numerical simulations and PSIM circuit simulations.
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As a fundamental nonlinear circuit element, memristor [1], the newest innovation in the field of electronic engineering [2], brings a completely new development space for analogous circuit designs and engineering applications. In the past few years, very fruitful research achievements for memristor based application circuits have been reached by a large number of researchers [3–23]. Most of all, memristors with different smooth or non-smooth nonlinearities are conveniently introduced into some existing linear or nonlinear dynamical circuits to easily construct various novel autonomous and non-autonomous memristive dynamical circuits or networks [6–23], from which complex dynamical behaviours, such as chaotic and hyperchaotic behaviours [6–10], hyperchaotic multi-wing attractors [11], coexisting multiple attractors [12, 13], self-excited and hidden attractors [14–17], complex transient chaotic and hyperchaotic behaviours [18–21], chaotic and periodic bursting [22], collapse of synchronization [23], and so on, have been revealed and analyzed by theoretical analyses, numerical simulations and experimental measurements. However, for a nonlinear dynamical circuit containing an ideal flux-controlled memristor, its most significant feature is that the stability extremely depends on the memristor initial condition [19, 24, 25], thereby infinitely many attractors will appear in this kind of memristive chaotic circuit [26]. 
  The new concept of infinitely many attractors coexisting for the same set of system parameters is first reported by Patel et al. [27]. The coexistence phenomenon of infinitely many different attractors is extremely related to the emergence of extreme multistability [26–28]. Multistability, the coexistence phenomenon of many different kinds of attractors, is an intrinsic property of many nonlinear dynamical systems and has become a very important research topic and received much attention in recent years [11, 12, 29–37]. Multistability reveals a rich diversity of stable states of a nonlinear dynamical system and makes the system offer a great flexibility. Particularly, when the number of coexisting attractors emerging from a nonlinear dynamical system tends to infinite, the coexistence of infinitely many attractors is called as extreme multistability [27, 28], which has been reported in two unidirectionally coupled Lorenz systems [38] and two bi-directionally coupled Rössler oscillator [27, 28]. Multistability can be used for image processing [37] or taken as an additional source of randomness using for many information engineering applications [10], therefore it is very attractive to seek for a memristive chaotic circuit that has the striking dynamical behavior of infinitely many attractors. As a matter of fact, in a memristor based chaotic circuit [19, 24, 25, 39] or a chaotic memory system [40], the complex dynamical behaviors are dependent on the initial conditions of the memristor or the memory element, which just reflect the phenomenon of extreme multistability [26].
  By replacing Chua’s diode in a single amplifier biquad based inductor-free Chua’s circuit [41] with an ideal memristor, a novel memristive circuit with extreme multistability is designed in the present paper. Thus, the memristive circuit is inductor-free realization, which can effectively avoid the presence of a manually winding inductor [31, 41–43]. Surprisingly, the newly proposed memristive circuit has a line equilibrium and its stability closely relies on memristor initial condition, resulting in the emergence of extreme multistability. Consequently, the coexistence phenomenon of infinitely many attractors is easily revealed by numerical simulations and circuit simulations. The paper is organized as follows. In Section 2, an inductor-free and active BPF based memristive circuit is proposed, upon which the mathematical model is built and the stability distribution for the line equilibrium is estimated. In Section 3, numerical simulations and hardware experiments for circuit parameter dependent dynamical behaviors are performed. In Section 4, infinitely many attractors’ behavior in the active BPF based memristive circuit is investigated by MATLAB numerical simulations and PSIM circuit simulations, including memristor initial condition based extreme multistability and other initial condition related extreme multistability. The conclusions are summarized in the last section.

2 Active BPF based memristive circuit

By linearly coupling a parallel memristor and capacitor filter to an active band pass filter (BPF), an active BPF based memristive circuit is newly proposed, as shown in Fig. 1a, where the circuit to the right part of the port 11’ is an ideal active voltage-controlled or flux-controlled memristor, and the circuit to the left part of the port 22’ is a single amplifier biquad based active band pass filter [41–43]. Fig. 1b displays an equivalent circuit of the ideal active voltage-controlled memristor implemented with an electronic circuit via op-amp integrators and analogue multipliers [24, 44]. In other words, the proposed memristive circuit in Fig. 1a is implemented by replacing Chua’s diode in a single amplifier biquad based inductor-free Chua’s circuit [41] with an ideal memristor in Fig. 1b.
  
(a)                                        (b)
Fig. 1  Newly proposed active BPF based memristive circuit a circuit schematic b memristor equivalent circuit
2.1 Mathematical model
Assuming that v and i are the voltage and the current at the input terminal of the ideal active voltage- controlled memristor in Fig. 1b, V0 is the node voltage of the integrator Ub output, the mathematical model of the memristor can be described as
                                                          (1)
where ga and gb are the variable scale factors in the multipliers Ma and Mb, respectively. The flux φ(t) at the input terminal of the memristor is given by
                                                           (2)
Thus, the memristor modeled by (1) and/or (2) is ideal and active voltage-controlled or flux-controlled.
  The dynamics of the newly proposed memristive circuit in Fig. 1 can be featured by four coupled first-order autonomous nonlinear differential equations in terms of four node voltages of V0, V1, V2, and V3, which are written as 
                                                  (3)
where R' = RR1/(R+R1) and k = R4/R3. 
  There are four variables and thirteen circuit parameters in (3). By introducing four new variables and scaling the circuit parameters in a dimensionless form as
                                                (4)
(3) can be rewritten as
                                                       (5)
In this way the parameter amounts of the dimensionless equations (5) will decrease to seven.















  The circuit parameters in Fig. 1 are listed in Table 1. Therefore, the normalized parameters for the model (5) are obtained by (4) as
                                     (6)
In our next work, the active BPF based memristive circuit modeled by (5) and the typical system parameters given by (6) is considered.
2.2 Line equilibrium and stability distribution
Setting the left-hand side of (5) to zero, obviously, the memristive circuit has a line equilibrium, which can be expressed as
                                                      (7)
where constant μ is uncertain.
  The Jacobian matrix at the line equilibrium P is derived as
                                         (8)
Therefore, four different eigenvalues at the line equilibrium P are yielded by solving the following characteristic equation





  The characteristic equation (9) indicates that Jacobian matrix (8) has one zero eigenvalue and three non-zero eigenvalues. For these non-zero roots, Routh-Hurwitz conditions for the above cubic polynomial inside brackets of (9) are given by
                                                        (10)
If the above three conditions of (10) are satisfied, the line equilibrium P is stable, leading to the occurrence of point attractor; whereas if any one of the three conditions is not satisfied, P is unstable, resulting in that periodic and chaotic behaviors may be emerged in the active BPF based memristive circuit.




According to the three conditions of (10), when parameter μ is increased from 0 to 2.1 and parameter r1 is changed from 8 to 18, the distribution diagram of different stability regions corresponding to the three non-zero eigenvalues in the μ − r1 parameter plane is depicted in Fig. 2, where I, II, and VI are three unstable regions, and III is one stable region. It should be illustrated that the stability distribution in the negative parameter μ space is symmetrical to those in the positive parameter μ space.

Fig. 2  Stability regions corresponding to the three non-zero eigenvalues distributed in the μ − r1 parameter plane, a = 3, b1 = 15/14, b2 = 3/28, c = 20, r2 = 0.15 and k = 0.05
  For the typical system parameters given by (6), four eigenvalues at original point P0, i.e., μ = 0, are calculated as
                                             (11)
It is seen that P0 is an unstable saddle-focus having a positive real root, two complex conjugate roots with positive real parts, and a zero root. 
  It should be specially explained that the stability of the active BPF based memristive circuit can not be simply determined by the three non-zero eigenvalues of the line equilibrium. The following numerical simulations demonstrate that the zero eigenvalue also has influence on the dynamics of the memristive circuit under some circuit parameters [24, 25, 39].

3 Numerical simulations and circuit experiments

To preferably perform numerical simulations for phase portraits and bifurcation diagrams, second-order Runge–Kutta ode23 algorithm is technically used in our following work.
3.1 Numerical simulated results 
When typical system parameters given in (6) are used and tiny initial conditions (0, 10−9, 0, 0) are chosen, the active BPF based memristive circuit exhibits a chaotic attractor, as shown in Fig. 3. Correspondingly, the four Lyapunov exponents calculated by Wolf’s method are L1 = 0.2481, L2 = 0.0007, L3 = 0, and L4 = −3.9616. It is observed that the chaotic attractor is double-scroll and similar to that in the active BPF based inductor-free simplified Chua’s circuit [43].
  Consider the system parameter r1 as a bifurcation parameter. When r1 is gradually varied from 7 to 18, the bifurcation diagrams of the state variable x and the corresponding Lyapunov exponent spectra are shown in Figs. 4. Dynamical behaviors with coexisting bifurcation modes are presented in Fig. 4, where the trajectories colored in red start from the initial conditions (0, 10−9, 0, 0), and those colored in blue correspond to (0, −10−9, 0, 0). Note that to well reveal the dynamics numerically, a tiny interference is necessary for the initial conditions.


Fig. 3  Numerical simulated phase portraits of typical chaotic attractor in the active BPF based memristive circuit a phase portrait in the x − y plane b phase portrait in the x − z plane c phase portrait in the x − w plane d phase portrait in the y − z plane

Fig. 4  Dynamical behaviors with tiny initial conditions when r1 increases a bifurcation diagrams of x and b Lyapunov exponent spectra
  Observed from Fig. 4, the bifurcation diagrams are consistent well with the Lyapunov exponent spectra and exhibit dynamical behaviors of point, period, chaos, and period doubling bifurcation route. In addition, periodic windows with zero largest Lyapunov exponent are also found in some chaotic regions. With respect to different r1, phase portraits of different attractors in the x − z plane are numerically displayed in Figs. 5a − 5d, respectively, where the initial conditions of the trajectories colored in red and blue are the same as those used in Fig. 4a.
 
 
Fig. 5  Numerically simulated phase portraits with different r1 in the x − z plane a coexisting limit cycles with period-1 at r1 = 9 b coexisting limit cycles with period-2 at r1 = 10.7 c coexisting chaotic spiral attractors at r1 = 12 d double-scroll chaotic attractor at r1 = 18
3.2 Experimental measured results
With circuit schematic in Fig. 1a and memristor equivalent circuit in Fig. 1b, the active BPF based memristive circuit is expediently made in hardware level on a breadboard [7, 24, 43]. The photograph of the experimental prototype with same circuit parameters as those for numerical simulations is shown in Fig. 6, where four node voltage measurement points are marked as V0, V1, V2, and V3. The operational amplifiers AD711KN and analogue multipliers AD633JN with ±15V power supplies are utilized. All resistors and capacitors are selected as precision potentiometer (​javascript:showjdsw('showjd_0','j_0')​)s and monolithic ceramic capacitors respectively. The experimental results are captured by Tektronix TDS 3034C digital oscilloscope.

Fig. 6  Photograph of the experimental prototype for the active BPF based memristive circuit
  When circuit parameters listed in Table 1 are utilized, the phase portraits of the memristive circuit in four different planes are experimentally measured, as shown in Fig. 7. Obviously, experimental measurements are consistent with numerical simulations of Fig. 4.
  
  
Fig. 7  Experimentally measured phase portraits of typical chaotic attractor in the active BPF based memristive circuit a phase portrait in the V0(t) − V1(t) plane b phase portrait in the V0(t) − V2(t) plane c phase portrait in the V0(t) − V3(t) plane d phase portrait in the V1(t) − V2(t) plane
  
  
Fig. 8  Experimentally measured phase portraits under different R1 in the V0(t) − V2(t) plane a coexisting limit cycles with period-1 at R1 = 167 Ω b coexisting limit cycles with period-2 at R1 = 140 Ω c coexisting chaotic spiral attractors at R1 = 125 Ω d double-scroll chaotic attractor at R1 = 83 Ω
  With different resistances of R1, the phase portraits in the V0(t) − V2(t) plane are experimentally captured in Fig. 8. It is noteworthy that the different initial conditions in Figs. 8a − 8c are achieved through turning on the hardware circuit power supply again. The experimental measurements are accorded with the numerical simulations in Fig. 5.

4 Infinitely many attractors’ behavior

In this section, dynamical behaviors extremely relying on memristor initial condition are investigated. To some extent, memristor initial condition dependent dynamics just reveals the extreme multistability phenomenon of coexisting infinitely many attractors’ behavior in the active BPF based memristive circuit.
4.1 Memristor initial condition based extreme multistability
To reveal the extreme multistability phenomenon, typical system parameters given in (6) and three initial conditions y(0) = 10−9, z(0) = 0, w(0) = 0 are determined, whereas the memristor initial condition x(0) is varied in the region [−2.2, 2.2]. When x(0) is gradually increased, the bifurcation diagram of the state variable x and the four Lyapunov exponents utilized by Wolf’s method [45] are plotted in Figs. 9a and 9b, respectively. From Fig. 9, it is found that with the variation of the memristor initial condition the model (5) displays point, periodic, and chaotic dynamics as well as several periodic windows with zero largest Lyapunov exponent in the chaotic regions. 

Fig. 9  For y(0) = 10−9, z(0) = 0, and w(0) = 0, infinitely many attractors’ behavior with the variation of memristor initial condition x(0), where a = 3, b1 = 15/14, b2 = 3/28, c = 20, r1 = 15, r2 = 0.15 and k = 0.05 a bifurcation diagram of x b Lyapunov exponent spectra
  It should be specially remarked that the infinite number of coexisting attractors is in fact confirmed by Fig. 9. Additionally, due to the influence of the zero eigenvalue in (9), there are actual differences between the stable and unstable regions corresponding to negative memristor initial condition x(0) and those to negative parameter μ location of the line equilibrium.
  According to Fig. 9, when different memristor initial conditions are utilized in the active BPF based memristive circuit, some typical phase portraits of coexisting infinitely many attractors in the x-z plane are displayed in Figs. 10a, 11a, and 12a, respectively. Fig. 10a shows the dynamical behaviors from periodic to chaotic behaviors via two different forward period-doubling bifurcation routes, Fig. 11a illustrates multiple chaotic attractors with different topological structures, while Fig. 12a exhibits multiple limit cycles with different periodicities within different periodic windows. Generally speaking, Figs. 10a, 11a, and 12a clearly reveal the coexistence of a large number of attractors with different dynamical behaviors, implying the emergence of extreme multistability in the active BPF based memristive circuit.
  
Fig. 10  Dynamical behaviors via two different period-doubling bifurcation routes: projections of different attractors for different memristor initial conditions, where x(0) = −0.3 (yellow) and 1.77 (cyan), chaos; x(0) = −0.33 (blue) and 1.73 (red), limit cycle with period-2; x(0) = −0.5 (green) and 1.65 (magenta), limit cycle with period-1; x(0) = −0.8 (black), point a MATLAB numerical simulated results for seven different x(0) on the x-z plane and b PSIM circuit simulated results for V0(0) = x(0) V on the V0(t) − V2(t) plane
  
Fig. 11  Multiple chaotic attractors with different topological structures: projections of different attractors for different memristor initial conditions, where x(0) = −2.2 (blue) and 2.2 (red), left and right chaotic spiral attractors; x(0) = −1.9 (cyan) and 1.9 (yellow), incomplete double-scroll chaotic attractors a MATLAB numerical simulated results for four different x(0) on the x-z plane and b PSIM circuit simulated results for V0(0) = x(0) V on the V0(t) − V2(t) plane
  
Fig. 12  Multiple limit cycles within different periodic windows: projections of different attractors for different memristor initial conditions, where x(0) = −2.1 (red) and 2.1 (green), left and right period-3 orbits; x(0) = −2.02 (cyan) and 2.02 (yellow), left and right period-2 orbits; x(0) = 0.92 (blue) and 0.2 (black), left period-2 orbits a MATLAB numerical simulated results for six different x(0) on the x-z plane and b PSIM circuit simulated results for V0(0) = x(0) V on the V0(t) − V2(t) plane
  PSIM (Power Simulation) circuit design and simulation software is an indispensable tool for power electronics and motor drives, which can also be used to simulate conventional electronic circuits. Considering that the memristor initial condition, i.e., the initial voltage of the capacitor C0, with different desired values is hardly assigned in hardware experiments [13–15], the extreme multistability phenomenon of the active BPF based memristive circuit depending on memristor initial condition is verified by PSIM circuit simulations. 


Fig. 13  PSIM circuit simulation model with circuit parameters listed in Table 1 and initial voltage V1(0) = 1 nV for the active BPF based memristive circuit and the simulated phase portraits of typical chaotic attractor, where the upper is the circuit simulation model, the lower left is the phase portrait in the V0(t) − V1(t) plane and the lower right is the phase portrait in the V0(t) − V2(t) plane
  By using PSIM Version 7.1 software, the circuit simulation model under circuit parameters listed in Table 1 is designed and its screen capture is shown in Fig. 13, where a proportional block is inserted between two multipliers to realize the scale factor. Two phase portraits of typical chaotic attractor corresponding to Figs. 3a and 3b are simulated and their screen captures are also shown in Fig. 13. These results well verify the feasibility and consistency of PSIM circuit simulations.
  When the initial voltage of the capacitor C0, i.e., V0(0), is set to different values in the circuit simulation model of Fig. 13, PSIM circuit simulations and SIMVIEWs are run to generate different attractors of point, limit cycles and chaotic orbits. Respectively corresponding to Figs. 10a, 11a, and 12a, the coexisting infinitely many attractors are captured and validated in Figs. 10b, 11b, and 12b, respectively. Note that the initial voltages V0(0) used during PSIM circuit simulations are completely corresponded to the initial values x(0) used during MATLAB numerical simulations.
  According to the results of Figs. 9, 10, 11, and 12, the dynamical behaviors of the active BPF based memristive circuit are really depended on the memristor initial conditions. For different memristor initial conditions, many different kinds of attractors, such as multiple chaotic attractors with different topological structures, multiple limit cycles with different periodicities, multiple point attractors with different locations, and so on, can be found in the active BPF based memristive circuit. Considering that the number of coexisting attractors is too many to count, the coexistence phenomenon can be regarded as coexisting infinitely many attractors, leading to the emergence of extreme multistability [26–28].
4.2 Other initial condition related extreme multistability
If the initial conditions y(0) is revised as −10−9 and other two initial conditions z(0) and w(0) = 0 are kept as zero. When the memristor initial condition x(0) is gradually changed from −2.2 to 2.2, the bifurcation diagram of the state variable x and the four Lyapunov exponents are plotted in Fig. 14. In the same way, Fig. 14 demonstrates the existence of the infinite number of coexisting attractors and the differences between the stable and unstable regions corresponding to positive memristor initial condition x(0) and those to positive parameter μ location of the line equilibrium.

Fig. 14  For y(0) = −10−9, z(0) = 0, and w(0) = 0, infinitely many attractors’ behavior with the variation of memristor initial condition x(0), where a = 3, b1 = 15/14, b2 = 3/28, c = 20, r1 = 15, r2 = 0.15 and k = 0.05 a bifurcation diagram of x b Lyapunov exponent spectra
  
Fig. 15  Projections of multiple attractors for different memristor initial conditions, where x(0) = −1.1 (cyan) and −0.6 (yellow), chaotic spiral attractors with two topological structures; x(0) = −0.95 (blue) and −0.4 (red), limit cycles with two periodicities a MATLAB numerical simulated results for four different x(0) on the x-z plane and b PSIM circuit simulated results for V0(0) = x(0) V on the V0(t) − V2(t) plane
  Compared Fig. 14 with Fig. 9, it is found that for the initial conditions y(0) = −10−9 and y(0) = 10−9, there are two different dynamics regions of I and II. In Fig. 14, the region I exhibits chaotic behavior accompanied with periodic windows, and the region II reflects a reverse bifurcation route from chaotic to periodic behaviors and then stable point behavior. While in Fig. 9, the corresponding part to the region I in Fig. 14 shows stable point behavior and then a forward bifurcation route from periodic to chaotic behaviors, and the corresponding part to the region II in Fig. 14 is chaotic behavior accompanied with periodic windows.
  For y(0) = −10−9, z(0) = 0, and w(0) = 0, when the memristor initial condition x(0) is set to different values, multiple attractors with different dynamical behaviors or different topological structures or different periodicities can be easily observed by MATLAB numerical simulations and/or PSIM circuit simulations. For instance, when x(0) = −1.1, −0.95, −0.6, and −0.4, respectively, the phase portraits of two chaotic spiral attractors with two topological structures and two limit cycles with two periodicities are depicted in Fig. 15. The phenomenon of extreme multistability is associated with the coexistence of infinitely many different attractors. More numerical and circuit simulations can be expediently carried out to reveal the emergence of extreme multistability.
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